
1Dept. of Signal Theory and Communications, Universidad Carlos III de Madrid

2Dept. of Engineering, University of Cambridge

3Microsoft Research Cambridge


Missing Data Imputation and Acquisition with Deep 
Hierarchical Models and Hamiltonian Monte Carlo

Ignacio Peis1,  Chao Ma2,3,  José Miguel Hernández-Lobato2

1

[07/01/22 GTS Research Seminar]  



Introduction
Challenges

• Improve approximate inference in advanced VAEs


• Improve missing data imputation


• Improve predictions under missing data condition


• Improve active information acquisition


• Deal with partial, mixed-type data
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Introduction
Contributions

• Improved Hierarchical VAE for mixed-type partial data.


• Improved inference via Hamiltonian Monte Carlo with automatic 
hyperparameter optimization.


• Improved active learning with novel sampling-based active information 
acquisition technique.
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[Preprint] [Code]

https://github.com/ipeis/HH-VAEM
https://arxiv.org/pdf/2202.04599.pdf


Variational Autoencoders
Definition1 

• Generative, explicit models with intractable probability.


• Goal: optimize parameters to maximize the marginal likelihood:





• Intractable, due to the complexity added by NNs.


• Posterior distribution:


           

p(x) =

Z
p(x, z)dz =

Z
p✓(x|z)p(z)dz

<latexit sha1_base64="mdfqMu8htKqLI2q88/oY4gnzl6I=">AAACWHicbVHLSgMxFL0dH631VevSTbAIClJmqqAboejGpYJtBacMmTS1wWRmSO6Idezn+RG6dOtW96btIFq9EHI4D244CRMpDLruS8GZm19YLJaWyssrq2vrlY1q28SpZrzFYhnr65AaLkXEWyhQ8utEc6pCyTvh3dlY79xzbUQcXeEw4V1FbyPRF4yipYJKkJBdP1TZw2iPnBBfREiSnNgn4/vRCr0p+DYEPg440txHnr6N0+jPSFCpuXV3MuQv8HJQg3wugsqb34tZqniETFJjbjw3wW5GNQom+ajsp4YnlN3RW35jYUQVN91sUsSI7FimR/qxtsc+dML+TGRUGTNUoXUqigMzq43Jf7VQzWzG/nE3E1GSIo/YdHE/lQRjMm6Z9ITmDOXQAsq0sG8nbEA1ZWj/omxL8WYr+Avajbp3UG9cHtaap3k9JdiCbdgFD46gCedwAS1g8Azv8AGfhVcHnKKzNLU6hTyzCb/GqX4Ba+C0vg==</latexit>

p(z|x) = p✓(x|z)p(z)
p✓(x)

<latexit sha1_base64="kbdk9RjIUjxDuM6/PjUz3tsKjWA="></latexit>1 Kigma et at., 2013

x
<latexit sha1_base64="2k0HpJQXQJLUjtpSMlKL9DaJPVA=">AAACBXicbVC7TsMwFL0pr1JeBUYWiwqJqUoKEowVLIxFog+pDZXjuK1VO45sB1FFnfkFVtjZECvfwcqX4LQZoOVIlo/OuVf36AQxZ9q47pdTWFldW98obpa2tnd298r7By0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYHyd+e0HqjST0Z2ZxNQXeBixASPYWOm+F0ge6omwX/o47ZcrbtWdAS0TLycVyNHol797oSSJoJEhHGvd9dzY+ClWhhFOp6VeommMyRgPadfSCAuq/XSWeopOrBKigVT2RQbN1N8bKRY6i2YnBTYjvehl4r9eIBYum8Gln7IoTgyNyPzwIOHISJRVgkKmKDF8YgkmitnsiIywwsTY4kq2FG+xgmXSqlW9s2rt9rxSv8rrKcIRHMMpeHABdbiBBjSBgIJneIFX58l5c96dj/lowcl3DuEPnM8f5kKZsw==</latexit>

z
<latexit sha1_base64="SO4aMv+ZhrJyOgCKNkFyi5bZP9k=">AAACBXicbVC7TsMwFL0pr1JeBUYWiwqJqUoKEowVLIxFog+pDZXjuK1VO45sB6lEnfkFVtjZECvfwcqX4LQZoOVIlo/OuVf36AQxZ9q47pdTWFldW98obpa2tnd298r7By0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYHyd+e0HqjST0Z2ZxNQXeBixASPYWOm+F0ge6omwX/o47ZcrbtWdAS0TLycVyNHol797oSSJoJEhHGvd9dzY+ClWhhFOp6VeommMyRgPadfSCAuq/XSWeopOrBKigVT2RQbN1N8bKRY6i2YnBTYjvehl4r9eIBYum8Gln7IoTgyNyPzwIOHISJRVgkKmKDF8YgkmitnsiIywwsTY4kq2FG+xgmXSqlW9s2rt9rxSv8rrKcIRHMMpeHABdbiBBjSBgIJneIFX58l5c96dj/lowcl3DuEPnM8f6WyZtQ==</latexit>

✓
<latexit sha1_base64="H91SejMXEYgFb7hH5xghSCvPSxQ=">AAAB/XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTMzO4y0yuEJfgLXvXuTbz6LV79EifJHjSxoKGo6qaaChIpDLrul7Oyura+sVnYKm7v7O7tlw4OmyZONYcGj2Ws2wEzIEUEDRQooZ1oYCqQ0ApGN1O/9QjaiDi6x3ECvmKDSISCM7RSs4tDQNYrld2KOwNdJl5OyiRHvVf67vZjniqIkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYGjEFxs9m307oqVX6NIy1nQjpTP19kTFlzFgFdlMxHJpFbyr+6wVqIRnDKz8TUZIiRHweHKaSYkynVdC+0MBRji1hXAv7O+VDphlHW1jRluItVrBMmtWKd16p3l2Ua9d5PQVyTE7IGfHIJamRW1InDcLJA3kmL+TVeXLenHfnY7664uQ3R+QPnM8f/V2V0g==</latexit>
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Variational Autoencoders
Amortized Variational Inference

• Optimize a Gaussian approximation of the posterior





• Minimizing this KL is equivalent to maximizing the Evidence Lower Bound





• Alternatively:





DKL (q�(z|x)||p(z|x))
<latexit sha1_base64="/nzHqXWT6AyB2icVZTAFTZe5ehs="></latexit>

L(x) = Eq�(z|x) log
p✓(x, z)

q�(z|x)
,

<latexit sha1_base64="5iD8Hh9gIu9YyowKuq9DuEGpwfo="></latexit>

L(x) = Eq�(z|x) log p✓(x|z)�DKL (q�(z|x)||p(z))
<latexit sha1_base64="XfDRxYjIoLr8jGvypqxRXzAgU2k="></latexit>

x
<latexit sha1_base64="2k0HpJQXQJLUjtpSMlKL9DaJPVA=">AAACBXicbVC7TsMwFL0pr1JeBUYWiwqJqUoKEowVLIxFog+pDZXjuK1VO45sB1FFnfkFVtjZECvfwcqX4LQZoOVIlo/OuVf36AQxZ9q47pdTWFldW98obpa2tnd298r7By0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYHyd+e0HqjST0Z2ZxNQXeBixASPYWOm+F0ge6omwX/o47ZcrbtWdAS0TLycVyNHol797oSSJoJEhHGvd9dzY+ClWhhFOp6VeommMyRgPadfSCAuq/XSWeopOrBKigVT2RQbN1N8bKRY6i2YnBTYjvehl4r9eIBYum8Gln7IoTgyNyPzwIOHISJRVgkKmKDF8YgkmitnsiIywwsTY4kq2FG+xgmXSqlW9s2rt9rxSv8rrKcIRHMMpeHABdbiBBjSBgIJneIFX58l5c96dj/lowcl3DuEPnM8f5kKZsw==</latexit>

z
<latexit sha1_base64="SO4aMv+ZhrJyOgCKNkFyi5bZP9k=">AAACBXicbVC7TsMwFL0pr1JeBUYWiwqJqUoKEowVLIxFog+pDZXjuK1VO45sB6lEnfkFVtjZECvfwcqX4LQZoOVIlo/OuVf36AQxZ9q47pdTWFldW98obpa2tnd298r7By0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYHyd+e0HqjST0Z2ZxNQXeBixASPYWOm+F0ge6omwX/o47ZcrbtWdAS0TLycVyNHol797oSSJoJEhHGvd9dzY+ClWhhFOp6VeommMyRgPadfSCAuq/XSWeopOrBKigVT2RQbN1N8bKRY6i2YnBTYjvehl4r9eIBYum8Gln7IoTgyNyPzwIOHISJRVgkKmKDF8YgkmitnsiIywwsTY4kq2FG+xgmXSqlW9s2rt9rxSv8rrKcIRHMMpeHABdbiBBjSBgIJneIFX58l5c96dj/lowcl3DuEPnM8f6WyZtQ==</latexit>

✓
<latexit sha1_base64="H91SejMXEYgFb7hH5xghSCvPSxQ=">AAAB/XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTMzO4y0yuEJfgLXvXuTbz6LV79EifJHjSxoKGo6qaaChIpDLrul7Oyura+sVnYKm7v7O7tlw4OmyZONYcGj2Ws2wEzIEUEDRQooZ1oYCqQ0ApGN1O/9QjaiDi6x3ECvmKDSISCM7RSs4tDQNYrld2KOwNdJl5OyiRHvVf67vZjniqIkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYGjEFxs9m307oqVX6NIy1nQjpTP19kTFlzFgFdlMxHJpFbyr+6wVqIRnDKz8TUZIiRHweHKaSYkynVdC+0MBRji1hXAv7O+VDphlHW1jRluItVrBMmtWKd16p3l2Ua9d5PQVyTE7IGfHIJamRW1InDcLJA3kmL+TVeXLenHfnY7664uQ3R+QPnM8f/V2V0g==</latexit>

�
<latexit sha1_base64="0A4fWTgz3OPeDtQPdYVMk+Vslhw=">AAAB+3icbVDLSsNAFL2pr1pfVZduBovgqiS1oMuiG5cV7APaUCbTSTN0ZhJmJkIJ/QW3uncnbv0Yt36JkzYLbT1w4XDOvZzLCRLOtHHdL6e0sbm1vVPereztHxweVY9PujpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F07vc7z1RpVksH80sob7AE8lCRrDJpWESsVG15tbdBdA68QpSgwLtUfV7OI5JKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniCR1YKrGg2s8Wv87RhVXGKIyVHWnQQv19kWGh9UwEdlNgE+lVLxf/9QKxkmzCGz9jMkkNlWQZHKYcmRjlRaAxU5QYPrMEE8Xs74hEWGFibF0VW4q3WsE66Tbq3lW98dCstW6LespwBudwCR5cQwvuoQ0dIBDBM7zAqzN33px352O5WnKKm1P4A+fzB19+lOk=</latexit>

N (0, I)
<latexit sha1_base64="LNs2+PTz1MXMwO/nl1vyCHFKRXY=">AAACT3icdVFdS8MwFE3n15xOpz76EhzCFBmtCvo49EVfRMFNYS0jzdItLGlLciuM0v/gr/FV/4KP/hLfxLT2QaceCDmce3O558SPBddg229WZW5+YXGpulxbWa2vrTc2Nns6ShRlXRqJSN37RDPBQ9YFDoLdx4oR6Qt250/O8/rdA1OaR+EtTGPmSTIKecApASMNGvuuJDCmRKRXGXYFC6CFXV+mdnZQ3JdGVXw0hj08aDTttl0A/yZOSZqoxPVgw6q7w4gmkoVABdG679gxeClRwKlgWc1NNIsJnZAR6xsaEsm0lxamMrxrlCEOImVOCLhQv79IidR6Kn3TmVvQs7Vc/K+WT9TZn9N+iL6cWRKCUy/lYZwAC+nXjkEiMEQ4DxcPuWIUxNQQQhU3NjEdE0UomC+omQCd2bh+k95h2zlqH94cNztnZZRVtI12UAs56AR10AW6Rl1E0SN6Qs/oxXq13q2PStlasUqyhX6gsvwJE5izMg==</latexit>

Decoder

Encoder
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Variational Autoencoders
Training

• For each batch:


1. Encode to parameters of the approximate posterior.


2. Sample from                .


3. Obtain the Monte Carlo approximation of the ELBO.


4. Optimization step on  and .
θ ϕ

r(✓,�)

 
1

B

BX

i=1

[log p✓(x|z)�DKL (q�(z|x)||p(z))]
!

<latexit sha1_base64="/iqUX6EIzx8UH7N/yBFqyX+rrLU="></latexit>

q�(z|x)
<latexit sha1_base64="lNjHjya+repyK8h5Bs/RWj/Wn10=">AAACPHicdVA9T8MwEHXKVykUWhgYWCwqpLJUSUGCsYKFsUj0Q2qjyHGd1qqdBNtBlJBfwwp/gf/BzoZYmXHaDLSFJ5309N7d6e65IaNSmea7kVtZXVvfyG8WtraLO7ul8l5bBpHApIUDFoiuiyRh1CctRRUj3VAQxF1GOu74KvU790RIGvi3ahISm6OhTz2KkdKSUzq4c/rhiFb7Lo8fE/gEU/KQnDililkzp4DLxMpIBWRoOmWj2B8EOOLEV5ghKXuWGSo7RkJRzEhS6EeShAiP0ZD0NPURJ9KOpx8k8FgrA+gFQpev4FT9PREjLuWEu7qTIzWSi14q/uelG2Xy57Y50eULRyrvwo6pH0aK+Hh2oxcxqAKYJgkHVBCs2EQThAXVb0I8QgJhpfMu6ACtxbiWSbtes05r9ZuzSuMyizIPDsERqAILnIMGuAZN0AIYJOAZvIBX4834MD6Nr1lrzshm9sEcjO8fzNiuSw==</latexit>

x
<latexit sha1_base64="2k0HpJQXQJLUjtpSMlKL9DaJPVA=">AAACBXicbVC7TsMwFL0pr1JeBUYWiwqJqUoKEowVLIxFog+pDZXjuK1VO45sB1FFnfkFVtjZECvfwcqX4LQZoOVIlo/OuVf36AQxZ9q47pdTWFldW98obpa2tnd298r7By0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYHyd+e0HqjST0Z2ZxNQXeBixASPYWOm+F0ge6omwX/o47ZcrbtWdAS0TLycVyNHol797oSSJoJEhHGvd9dzY+ClWhhFOp6VeommMyRgPadfSCAuq/XSWeopOrBKigVT2RQbN1N8bKRY6i2YnBTYjvehl4r9eIBYum8Gln7IoTgyNyPzwIOHISJRVgkKmKDF8YgkmitnsiIywwsTY4kq2FG+xgmXSqlW9s2rt9rxSv8rrKcIRHMMpeHABdbiBBjSBgIJneIFX58l5c96dj/lowcl3DuEPnM8f5kKZsw==</latexit>

z
<latexit sha1_base64="SO4aMv+ZhrJyOgCKNkFyi5bZP9k=">AAACBXicbVC7TsMwFL0pr1JeBUYWiwqJqUoKEowVLIxFog+pDZXjuK1VO45sB6lEnfkFVtjZECvfwcqX4LQZoOVIlo/OuVf36AQxZ9q47pdTWFldW98obpa2tnd298r7By0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYHyd+e0HqjST0Z2ZxNQXeBixASPYWOm+F0ge6omwX/o47ZcrbtWdAS0TLycVyNHol797oSSJoJEhHGvd9dzY+ClWhhFOp6VeommMyRgPadfSCAuq/XSWeopOrBKigVT2RQbN1N8bKRY6i2YnBTYjvehl4r9eIBYum8Gln7IoTgyNyPzwIOHISJRVgkKmKDF8YgkmitnsiIywwsTY4kq2FG+xgmXSqlW9s2rt9rxSv8rrKcIRHMMpeHABdbiBBjSBgIJneIFX58l5c96dj/lowcl3DuEPnM8f6WyZtQ==</latexit>

✓
<latexit sha1_base64="H91SejMXEYgFb7hH5xghSCvPSxQ=">AAAB/XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTMzO4y0yuEJfgLXvXuTbz6LV79EifJHjSxoKGo6qaaChIpDLrul7Oyura+sVnYKm7v7O7tlw4OmyZONYcGj2Ws2wEzIEUEDRQooZ1oYCqQ0ApGN1O/9QjaiDi6x3ECvmKDSISCM7RSs4tDQNYrld2KOwNdJl5OyiRHvVf67vZjniqIkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYGjEFxs9m307oqVX6NIy1nQjpTP19kTFlzFgFdlMxHJpFbyr+6wVqIRnDKz8TUZIiRHweHKaSYkynVdC+0MBRji1hXAv7O+VDphlHW1jRluItVrBMmtWKd16p3l2Ua9d5PQVyTE7IGfHIJamRW1InDcLJA3kmL+TVeXLenHfnY7664uQ3R+QPnM8f/V2V0g==</latexit>

�
<latexit sha1_base64="0A4fWTgz3OPeDtQPdYVMk+Vslhw=">AAAB+3icbVDLSsNAFL2pr1pfVZduBovgqiS1oMuiG5cV7APaUCbTSTN0ZhJmJkIJ/QW3uncnbv0Yt36JkzYLbT1w4XDOvZzLCRLOtHHdL6e0sbm1vVPereztHxweVY9PujpOFaEdEvNY9QOsKWeSdgwznPYTRbEIOO0F07vc7z1RpVksH80sob7AE8lCRrDJpWESsVG15tbdBdA68QpSgwLtUfV7OI5JKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniCR1YKrGg2s8Wv87RhVXGKIyVHWnQQv19kWGh9UwEdlNgE+lVLxf/9QKxkmzCGz9jMkkNlWQZHKYcmRjlRaAxU5QYPrMEE8Xs74hEWGFibF0VW4q3WsE66Tbq3lW98dCstW6LespwBudwCR5cQwvuoQ0dIBDBM7zAqzN33px352O5WnKKm1P4A+fzB19+lOk=</latexit>
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• Handling incomplete and heterogeneous data.


• Improving approximate inference VS increasing flexibility of the prior.

Variational Autoencoders
Recent advances

7



Hierarchical Variational Autoencoders
Definition*

• Add flexibility to the prior with an autoregressive path of latent variables





• Inductive bias: hierarchical flow of information.


• Potential pitfalls: posterior collapse.

8

* https://jmtomczak.github.io/blog/9/9_hierarchical_lvm_p1.html 

https://jmtomczak.github.io/blog/9/9_hierarchical_lvm_p1.html


Hierarchical Variational Autoencoders
Definition

• To avoid posterior collapse, the variational networks learn a residual difference of 
the posterior from a deterministic bottom-up path1,2,3.





• The generative and variational posterior are tightly connected:


q(zi |x) = 𝒩(μi + Δμi(x), σ2
i Δσ2

i )

9

1 Vahdat et at., 2020 2 Maaløe et at., 2019 3  Child, 2019



Variational Autoencoders
VAEs for partial, heterogeneous data

• Factorization over dimensions1,2:





• Naïve approach for heterogeneous1: use a different likelihood per dimension.


• Problem: unbalanced likelihoods.

L(x) = Eq�(z|x)

"
DX

d=1

I(xd 2 xO) log p✓(xd|z)
#
�DKL(q�(z|xO)||p(z))

<latexit sha1_base64="016AyC7tFzZA5vv20P62qRn2wSk="></latexit>

1 Nazabal et at., 2020 2 Mattei et at., 2019
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Variational Autoencoders
VAEM for partial heterogeneous data

• Solution1: learn first  marginal VAEs :





And and a joint dependency VAE  on the marginally encoded data:





• The marginal encodings  are Gaussian, thus, the likelihoods are balanced.


• Interdependencies between heterogenous variables are better captured by the model.

D (θd, γd)

Ld(xd; {✓d, �d}) = I(xd 2 xo)Eq�d (zd|xd) log
p✓d(xd, zd)

q�d(zd|xd)
<latexit sha1_base64="bVVRjAJZYBnYsx7GITFu2IZxvoM="></latexit>

(θ, ϕ)

L(z) = Eq�(h|z)

"
DX

d=1

I(zd 2 zO)Eq�d
(zd|xd) [log p✓(zd|h)]

#
�DKL(q�(h|zO)||p(h))

<latexit sha1_base64="Mg6kBJxu3i1/T0nNKi51S106sbY="></latexit>

zd

1 Ma et at., 2020
11



Approximate Inference in VAEs
Variational Inference

• VAEs are restricted by purely Gaussian approximations of the true posterior.

12

1 Cremer et at., 2018

1True posterior (green) vs Approximate posterior (blue)

2Samples from the true posterior (orange)

2 Peis et at., 2022



Bayesian active information acquisition
Encoder-based

•Reward function as an expected gain of information1:





• Intractable. Solved by transforming into  space2:


 

•Extension for the VAEM model3:




•Restriction: this approximation metric still relies on the Gaussian approximation of the encoder.

z

13

1 Bernardo et at., 1979 2 Ma et at., 2018 2 Ma et at., 2020



Hamiltonian Monte Carlo1,2
Definition

•Sample from complex distributions via unnormalised targets

•Highly efficient exploration using differential geometry and conservative dynamics


1.Expand to phase space with momentum variable:

             







2.Hamiltonian equations


(z) ! (z, r)
<latexit sha1_base64="ykZKRg5UrkINNCCqbKv4A9gjPmM=">AAACTHicdVDLSsNAFJ3UV61WW126GSxiC1KSKuiy6MZlBfuAJpTJdNoOnUnCzESpIZ/g17jVX3Dvf7gTwUmahW31wIXDOfde7j1uwKhUpvlh5NbWNza38tuFnd3i3n6pfNCRfigwaWOf+aLnIkkY9UhbUcVILxAEcZeRrju9SfzuAxGS+t69mgXE4Wjs0RHFSGlpUDqtQtvl0VMMa9AWdDxRSAj/EVbn6lnqirg2KFXMupkCrhIrIxWQoTUoG0V76OOQE09hhqTsW2agnAgJRTEjccEOJQkQnqIx6WvqIU6kE6UfxfBEK0M48oUuT8FU/T0RIS7ljLu6kyM1kcteIv7nJRtl/Oe2BdHlS0eq0ZUTUS8IFfHw/MZRyKDyYZIsHFJBsGIzTRAWVL8J8QQJhJXOv6ADtJbjWiWdRt06rzfuLirN6yzKPDgCx6AKLHAJmuAWtEAbYPAMXsAreDPejU/jy/iet+aMbOYQLCC3+QPXf7Mc</latexit>

p(z, r) = p(r|z)p(z)
<latexit sha1_base64="TAymU7QjDhIHyJaIcWnTwYiTR3o=">AAACVnicdVFNS8NAEN1Ea2u12urRy2IRWpCSVEEvQtGLxwr2A9pQNttNu3Q3Cbsbocb8Dn+NV/0L+mfETZuDbXVg2Md7M8PMWzdkVCrL+jLMre3cTr6wW9zbLx0clitHXRlEApMODlgg+i6ShFGfdBRVjPRDQRB3Gem5s7tU7z0RIWngP6p5SByOJj71KEZKU6OyHcLa0OXxc3IO01ckdXgDw9oSwxe4FOsZpdGoXLUa1iLgJrAzUAVZtEcVozQcBzjixFeYISkHthUqJ0ZCUcxIUhxGkoQIz9CEDDT0ESfSiRe3JfBMM2PoBUKnr+CC/d0RIy7lnLu6kiM1letaSv6npRNl8ue0FdLla0sq79qJqR9Givh4uaMXMagCmHoMx1QQrNhcA4QF1WdCPEUCYaV/oqgNtNft2gTdZsO+aDQfLqut28zKAjgBp6AGbHAFWuAetEEHYPAK3sA7+DA+jW8zZ+aXpaaR9RyDlTDLPyHWtKk=</latexit>

H(z, r) = � log p(z, r) = � log p(r|z)� log p(z) = K(r, z) + V (z)
<latexit sha1_base64="L81fzCv6AygM7UR2R5Ft/Ne9aCE="></latexit>

dz

dt
= +

@H

@r
=

@K

@r
dr

dt
= �@H

@z
= �@K

@z
� @V

@z
<latexit sha1_base64="6aJLpgOq0KJ0icvVIVVbZYp9T+0="></latexit>
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p(z) =
1

Z p⇤(z)
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Hamiltonian Monte Carlo1
HMC in practice

• Leapfrog integrator for Hamiltonian equations.


• Discrete trajectories (chains) of  updates.


• From an initial proposal, each update consists on  cyclic Leapfrog steps:


 


• Ending in a new proposal             , which is accepted with probability:


T

L

rl+ 1
2
= rl +

1

2
� �rzl log p

⇤(zl) ,

zl+1 = zk + rl+ 1
2
� � � 1

M
,

rl+1 = rl+ 1
2
+

1

2
� �rzl+1 log p

⇤(zl+1),
<latexit sha1_base64="MxZR1tWJN3eArjVQ1nWbxC5Qg4s="></latexit>
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Hyperparameters

 Leapfrog stepsL

 Leapfrog stepsL

 Leapfrog stepsL

 Leapfrog stepsL

 Leapfrog stepsL

t=1
t=2

t=T



Training Hamiltonian Monte Carlo [code]          ipeis
Effect of the hyperparameter choice
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Training Hamiltonian Monte Carlo [code]
Gradient-based Optimization1

• Tuning the hyperparameters via Variational Inference:





• Add an inflation parameter, , for scaling the proposal





• Sliced Kernelized Stein Discrepancy2 (SKSD) measures discrepancy between  and  using:


✓Samples of the approximated distribution 


✓Gradients of the true target 




✓Robust in high-dimensional spaces.

�
⇤ = argmax

�
E
q(T )
� (z)

[log p⇤(z)] +H

h
q
(T )
� (z)

i

<latexit sha1_base64="5GQfkpVivkHxsVmDDr6aHIVWgyY="></latexit>

s
s⇤ = argmin

s
d(q(T )

� (z), p(z))
<latexit sha1_base64="NIR6f6S5pafdi8zv1FLwQnaXNO4="></latexit>

p(z) q(z)

s⇤ = argmin
s

SKSD(z(T ),rz log p
⇤(z))
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q(0)(z) = N (µ0, s
2⌃0)

<latexit sha1_base64="acQBwG75ICs9bqjjo/1krOR3TJk="></latexit>
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Training Hamiltonian Monte Carlo [code]
Gradient-based Optimization

• For each step:


1. Update HMC hyperparameters: 


               


2. Update scaling factor:


�
⇤ = argmax

�
E
q(T )
� (z)

[log p⇤(z)] +H

h
q
(T )
� (z)

i

<latexit sha1_base64="5GQfkpVivkHxsVmDDr6aHIVWgyY="></latexit>

s⇤ = argmin
s

SKSD(z(T ),rz log p
⇤(z))
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Training Hamiltonian Monte Carlo [code]
Gradient-based Optimization

19

Optimization (gif)
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Training Hamiltonian Monte Carlo [code]
Gradient-based Optimization
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Optimization (gif)

https://github.com/ipeis/HMCTuning


Hamiltonian Monte Carlo [code]
Application to VAEs1,2

• Approximation of  improved with , using as initial proposal 
 given by the encoder.


Stage 1: 

★ Pretrain VAE    using ELBO.


Stage 2:

★Keep training encoder parameters  using ELBO:




★Train decoder parameters  and HMC hyperparameters :


 

★Train inflation parameter using:


p(z |x) q(T)(z |x)
q(0)(z |x)

(✓, )
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✓
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2Samples from the true posterior (orange)

Approximated test log p(x)

1 Campbell et at., 2021 2 Peis et at., 2022
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The Hierarchical Hamiltonian VAE 
for Mixed-type incomplete data

• Generates data and predictions.


• Models heterogeneous, incomplete data.


• Flexible hierarchical latent space.


• Improved inference via tuned HMC.

HH-VAEM

22



HH-VAEM
Mixed-type incomplete data 

• Marginal VAEs  are pretrained independently on each 
dimension, with different likelihoods:





• Dependency VAE over Gaussian factored dimensions allows 
dealing with partial heterogeneous data and capture 
dependencies from balanced likelihoods.

(θd, γd)

Ld(xd; {✓d, �d}) = I(xd 2 xo)Eq�d (zd|xd) log
p✓d(xd, zd)

q�d(zd|xd)
<latexit sha1_base64="bVVRjAJZYBnYsx7GITFu2IZxvoM="></latexit>
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HH-VAEM
Hierarchical latent space

• Hierarchical latent space with  variables .


• Problem1: HMC fails in densities with huge correlations (AR variables). 


 


• Solution: 


✓Reparameterization, deterministic hierarchy, relaxed posterior





NNs with parameters  ,  . Then  


✓Perform inference on  with standard Gaussian prior.


✓No need to increase complexity of the HMC method.

L h = {h1, . . . , hL}

rh1:L log p⇤(h) ""
<latexit sha1_base64="49R5FikHFDIc2NI0oiJuqZhWb1Y="></latexit>

✓µl ! fµl
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✓�l ! f�l
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✓l = {✓µl , ✓�l}Ll=1
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ϵ = {ϵ1, . . . , ϵ1}
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HH-VAEM
Generative model

• Generate from the superficial layer:


1. Data:  as NN with parameters 


2. Predictions:  as NN with parameters 


•  is the concatenation  with the imputed  
missing part.


• The predictor parameters are jointly trained with the model.


• Generative parameters:  

p(z|h1)
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HH-VAEM
Hierarchical encoder

• Bottom-up path, but no sharing parts needed! 1,2 


,     


NNs with parameters  .


• Posterior approximation for each layer:





as NNs with parameters , 


• Encoder parameters: 

 rl ! frl
<latexit sha1_base64="ekes/NCmUAD43JxiX58Ah3EYrA4="></latexit>
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<latexit sha1_base64="bL15QfmqOUI6h3jbXYstCXWnT9g="></latexit>

 �l ! g�l
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HH-VAEM
ELBO
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• The sum of KLs needs extra manipulation: balance during an 
warming stage1:


1 Vahdat et at., 2020



HH-VAEM
Training HMC on the posterior distribution

• Include HMC with hyper parameters .


• Define HMC target as the unnormalised posterior for sampling                            from the posterior:




• Define the HMC objective as 





• Tune the scale factor  using the SKSD discrepancy:


ϕ

p⇤(✏1, ..., ✏L, zO,yO) = p✓(zO|h1) p✓(yO|x̂,h1)
LY

i=1

p(✏l)
<latexit sha1_base64="3wu3i9tVsbSVdvyV05rMXml6Ias="></latexit>

s
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HH-VAEM
Training algorithm

• Stage 1: train marginal VAEs on each dimension.


• Stage 2: pretrain using ELBO.


• Stage 3: jointly train VAE + HMC.

29
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HH-VAEM
Computational cost

•The  Leapfrog steps are executed each cycle in  




•Where 

•Computing the gradients requires:


1.Obtaining likelihood parameters (decoder for ,  
predictor for .


2.Evaluating and perform the automatic differentiation.


•The extra computational cost is approximately a factor of .

L t = 1 : T
(batch_size,   parallel_chains,   latent_dimension)

<latexit sha1_base64="4dCRHGQeiEDAaLtifMaWnM+aLHM="></latexit>

ri+ 1
2
= ri +

1

2
� �r✏i log p

⇤(✏i) ,

✏i+1 = ✏i + ri+ 1
2
� � � 1

M
,

ri+1 = ri+ 1
2
+

1

2
� �r✏i+1 log p

⇤(✏i+1)

p(z |h1)
p(y |h1, x̂)

2TL
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 Leapfrog stepsL

 Leapfrog stepsL

 Leapfrog stepsL

 Leapfrog stepsL

 Leapfrog stepsL

t=1
t=2

t=T
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Bayesian active feature acquisition
Proposed method: sampling-based

• Bayesian reward1 can also be expressed in terms of the Mutual Information:





• Sampling-based estimator of the Mutual Information2:





✓More flexible than the encoder-based method. 


✓ Efficient, easy parallelization.

<latexit sha1_base64="1fTp7jnSabzrDDNHeOeUSrYuCIA="></latexit>
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=

ZZ

xi,y
pxi,y|xO

(xi,y|xO) log

✓
pxi,y|xO

(xi,y|xO)

pxi|xO
(xi|xO)py|xO

(y|xO)

◆
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Experiments
Set up

32

• HH-VAEM with 2 layers of latent variables.


• Baseline models:


- VAEM: The VAEM1 strategy.


- MIWAEM:  VAEM combined with the importance weighted estimation proposed in MIWAE2.


- H-VAEM: A Hierarchical VAEM with two layers of latent variables and a Gaussian encoder.


- HMC-VAEM: A VAEM that includes a tuned HMC sampler for the true posterior.


• Datasets:


- MNIST, Fashion-MNIST -> without marginal VAEs.


- 10 UCI Datasets with mixed-type data: Bank, Insurance, Avocado, Naval, Yatch, Diabetes, Concrete, Wine, Energy, 
Boston.


• Configuration: manually introduced missing features and target with a probability sampled from  each batch.U(0.01, 0.99)

1 Ma et at., 2020 2 Mattei et at., 2019



Experiments
Mixed-type data

33

º

º

log p(y|xO) = logE✏⇠q(T )(✏|xO) [p(y|✏)] ⇡ log
1

k

kX

i

p(y|✏i),
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Experiments
MNIST datasets
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• Sequentially acquiring high-value information by selecting features that maximize

Experiments
Sequential Active Information Acquisition (SAIA)

35
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Conclusion

• We presented:


1. HH-VAEM: novel Hierarchical VAE improved with HMC with automatic hyperparameter 
optimization.


2. Novel sampling-based technique based on the Mutual Information estimation for efficient 
information acquisition.


• Based on the provided experiments, we demonstrate that our methods:


✓Improve approximate inference in hierarchical VAEs wrt to the Gaussian approximation.


✓Improve missing data imputation task.


✓Improve prediction task.


✓Improve active learning task.
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